We review the geometric properties of maximal plurisubharmonic functions u and of the associated closed positive currents dd c u, in two complex dimensions. When u is regular enough (at least of class C 3 ), dd c u is "foliated" by Riemann surfaces along which u is harmonic. On the other hand when u is less than C 1,1 this picture breaks down completely, as recent examples show.
Introduction
The goal of this lecture is to study the geometric properties of maximal plurisubharmonic functions. A plurisubharmonic function u defined in a domain Ω ⊂ C n is maximal if for all plurisubharmonic function v defined in U ⊂⊂ Ω, the following holds:
In dimension n = 1, a maximal psh function u is harmonic. In higher dimension n ≥ 2, maximality is characterized by the non linear PDE (dd c u) n = 0, as explained in Zeriahi's lecture (Chap. 2).
We seek here for a geometric understanding of the maximality property of a given psh function u. If one can fill out a small neighborhood of any point x ∈ Ω by holomorphic disks along which u is harmonic, then u is certainly maximal. When u is regular enough, this situation actually always happen, and follows from the Frobenius Integrability Theorem as we explain in Sect. 3.2. In lower regularity, this is not anymore the case as shown by a striking construction due to the first author (see Sect. 3.5). It seems that the critical regularity should be C 1,1 , as we will try to explain. In order to simplify the exposition, we restrict ourselves throughout this note to the two dimensional situation n = 2. . As the audience consisted of non specialists, we have tried to make these lecture notes accessible with only few prerequisites.
Monge-Ampère Foliations

Preliminaries on Currents
For this paragraph the reader is referred to Demailly's book [Dembook] . Recall that a current of bidimension (p, q) in a domain Ω ⊂ C n is a continuous linear form on the space of smooth differential forms with compact support (test forms) of bidegree (p, q). It can be canonically identified with a differential form of bidegree (n − p, n − q) with distribution coefficients. Since we are primarily interested in this case, from now on we make the assumption that p = q = 1 and n = 2, that is, we work with currents of bidegree (1, 1) in a domain of C 2 .
Such a current T is closed if T, dη = 0 for every test form of degree 1. The current T is positive if T, θ ≥ 0 for every positive test form of bidegree (1, 1). A test form is positive if it belongs to the closed convex set generated by forms of the type χω where χ is a positive test function and ω is a Kähler form. Thus, by continuity, checking the positivity of a current T amounts to verify that T, χω ≥ 0, for all χ ≥ 0 and ω > 0. A smooth current T = T pq idz p ∧dz q is positive if and only if (T pq ) is a non negative hermitian matrix at every point.
Any positive closed current of bidegree (1, 1) is locally given as T = dd c u, where u is a plurisubharmonic function, d = ∂ + ∂, d c = 1 2iπ (∂ − ∂) and the derivatives are taken in a weak sense.
